Macromolecules 1990, 23, 1119-1131

1119

NMR Transverse Relaxation Function Calculated for Constrained

Polymer Chains: Application to Entanglements and Networks

M. G. Brereton

Department of Physics, University of Leeds, Leeds LS2 8JT, United Kingdom.
Received March 14, 1989; Reuvised Manuscript Received June 23, 1989

ABSTRACT: A general method is presented for calculating the NMR transverse relaxation function due
to dipolar interactions between a spin pair, rigidly attatched to a constrained polymer chain. The con-
straints considered are those restricting the dynamics of the end-to-end vector of an arbitrary group of
consecutive polymer segments. A direct application is made to the motion of polymer chains, as perceived
by NMR, in deformed cross-linked systems. The ability to handle this type of constraint enables a more
general hierarchical chain structure to be created, where the dynamics on one scale can be quite different
from those operating on another scale, so that entanglements as well as cross-linKs can be included. Gen-
eral results are given for the relaxation function in a form that is shown to be dynamically scale invariant.
The methods presented and in particular the incorporation of the constraints are entirely novel and lead
to an exact calculation of the transverse NMR relaxation function. As a result the conditions under which
the NMR relaxation is exponential or otherwise are clearly shown. The general results are explicitly illus-
trated by the case of a chain, consisting of two levels of structure, i.e., a small-scale structure with rela-
tively fast (with respect to the NMR time) relaxation and a larger scale structure subjected to deformation

and governed by slower dynamics.

1. Introduction

1.1. Measurement of the adiabatic relaxation of the
transverse magnetization of nuclear spins fixed to a poly-
mer chain is an important source of information about
the semilocal and long-time relaxation processes of poly-
mer molecules. Using this technique the dynamics of poly-
mer chains in a variety of environments and under a range
of controlled physical conditions have been investigated.
Of immediate relevance for this paper are situations where
the NMR active chains are constrained, as, for example,
in a melt of entangled molecules!™ or for molecules cross-
linked into a rubber network or gel,'®2! and then sub-
jected to a state of deformation.

It is the object of this paper to present a new and sys-
tematic calculation of the transverse relaxation function
that is capable of embracing a wide class of models for
the chain dynamics as well as a variety of physical con-
straints on the chain configurations. The basic theory
underlying NMR?2-% and its application to polymers?2’
is well-known and in this section only the results rele-
vant to the rest of the paper are introduced.

Since most polymer molecules are composed of proton
pairs or methyl groups, this case will be used as the basic
model. In a magnetic field B, directed along the z axis,
the transverse components of the nuclear magnetization
m,, m, of one of the protons can be considered to pre-
cess with an angular frequency w, (the Larmor frequen-
cy); i.e., m,(t) ~ cos wot and m,(t) ~ sin wyt. The time
evolution of the complex comgination m(t) = m,(t) +
im,(t) can be described by the oscillator equation

dm(t)/dt = iwym(t) (L.1)

However, the relaxation of the transverse magnetization
is not tied to the frequency wg, as in most polymer sys-
tems the relaxation is induced by dipolar interactions. If
we consider only a proton pair, then the presence of the
second spin contributes a dipolar magnetic field at the
site of the first spin, which in turn leads to an additional
interaction energy of hAw(d), with

Aw(d) = 6(3 cos’ - 1) (1.2)
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where

8 = 3y2h/4d’

~ is the gyromagnetic ratio, d is the vector distance between
the two spins, and « is the angle that this vector makes
with the magnetic field B. Within a proton pair the dis-
tance between the two spins is constant and only the angle
a = a(t) varies with time in a manner determined by the
dynamics of the main-chain bonds to which the proton
pair is fixed. The system can now be regarded as an oscil-
lator with a natural frequency w, + Aw(e) and the oscil-
lator equation can be integrated to give

m(£) = m(0) expliwgt) exp( [ iAu(a(t)) dt) (1.3)

The dephasing of the transverse components of the mag-
netization or equivalently the broadening of the reso-
nant line at w, due to the dipole interaction is described
by the second exponential term of (1.3). More precisely
the transverse relaxation function G(t) is defined as

G(t) = (cos ( j;‘Aw(a(tf)) dr’)) (1.4)

where the averaging is done over all the dynamic config-
urations of the bond angle «(¢’) in the time interval from
Otot.

It is entirely through the term G(¢) that the NMR tech-
nique is sensitive to angular anisotropic reorientation,
caused by slow relaxation processes, entanglements, cross-
linking, or any other process that would lead to a non-
zero averaging of the dipole interaction in the time inter-
val ¢.

1.2. The Second Moment Approximation and T,.
The experimental results obtained for the relaxation of
the transverse nuclear magnetism are invariably ana-
lyzed in terms of a relaxation time T,,22 notwithstand-
ing the fact that in a great many cases the relaxation is
far from exponential. In such cases an ad hoc opera-
tional definition is employed,”®?2® leaving the experi-
mental results open to ambiguous physical interpreta-
tions. This has been considered in a previous paper,?
which will be referred to as paper 1. Simple exponen-
tial behavior is seen for relatively short chains and is char-
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acteristic of liquidlike behavior where the relaxation time
of the chain is much shorter than a characteristic NMR
time (set by the dipole interactions, to be discussed later).
However, in physical situations involving temporary con-
straints such as entanglements or permanent con-
straints such as cross-links, a complete reorientation of
the bond carrying the spin pair will not be possible. The
persistence of angular correlations in these systems leads
in the appropriate time interval to an observed nonex-
ponential relaxation behavior, the shape of which is clearly
a source of extra information about the dynamical influ-
ence of these constraints. The conditions under which
a simple exponential relaxation would be obtained can
be readily seen by expanding the cosine term in (1.4) as

G(o) ~ 1- [ f (Awlalty)Awlalty)) dt; dty + .. (L3)

In order for the second term to be at least linear in ¢ the
angular reorientational process must be sufficiently fast
for the dipole field produced by the second proton in the
pair to be uncorrelated at different times. That is, we
must set

{Aw(a(t)Awlalty))) = Tz'lé(tl ~t5) (1.6)
then

Gty ~1-t/T, =~ exp(-t/T,)

Clearly for entangled and cross-linked polymer chains,
which by their nature show long configurational correla-
tion times, the replacement of the angular correlation
function (1.6) by a é function is clearly not appropriate.
The corresponding experimental results on these sys-
tems, not surprisingly, show highly nonexponential behav-
ior for the relaxation of the transverse magnetization.

A working definition for T,, which is used indepen-
dently of whether the NMR relaxations are exponential
or not, is given from (1.6) as

Tyl = 7 (8w(0)bw(t) di 1.7

The use of this expression is closely allied to the second
moment approximation.”?#3% This can be stated in the
form, for a stochastic process x(t)

(exp(ix(t))) = exp((-1/2)(x*(t))) (1.8)
In the present case the stochastic process is given by

x(®) = ' du(a(®)) d¢

and (1.8) approximates the relaxation function as

G(t) ~ exp(-1/2 (¢ - ) (2w(0)da(t)) dt) (1.9)

The second moment approximation is widely used in NMR
work, but its validity is limited to molecular motions that
relax faster than a time scale set by the dipolar interac-
tions. This has been discussed in detail in paper 1,?° using
the Rouse model of polymer chain motion. For slow relax-
ation processes the approximation (1.8) was shown to be
inadequate. A well-known example is provided by the
limiting case of a chain of frozen bonds, for which an
exact result is available® that is in total disagreement with
(1.9). Consequently, its use in physical systems with per-
manent constraints (networks) or slow relaxations (entan-
glements) must be suspect.

1.3. Overview of the Paper. Several interrelated prob-
lems are posed by a systematic evaluation of the relax-
ation function G(t) for a constrained polymer molecule.
First, a choice must be made of a model for the dynamic
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properties of the local bond carrying the proton pair. Sec-
ond, a means must be found of imposing constraints, such
as cross-links, which influence the dynamical behavior
of the polymer chain in a global manner. Third, a sys-
tematic method is required to perform the statistical aver-
aging of the cosine term in (1.4) without making uncon-
trolled approximations. These three problems are
addressed in this paper.

For the choice of a suitable model, it should be noted
that the dipole interaction (1.2), which determines the
relaxation function, involves the orientation a(t) of the
proton pair with the applied magnetic field B. The pro-
ton pair is assumed to be rigidly attatched to the main-
chain bond vector and consequently reorientates in step
with the molecular motion of the chain. General theo-
ries of NMR relaxation do exist®*®’ that directly deal
with the angle a(t) as a stochastic (Brownian motion)
process; however, for polymer molecules the complexity
of the local connectivity in terms of bond angles, steric
hinderances, etc. renders this local bond approach unwork-
able from an analytic point of view. On the other hand
the connectivity of the monomer units comprising the
polymer chain enables the powerful and simplifying notion
of scale invariance®® to be used. This renders many of
the details at the atomic level irrelevant and is particu-
larily suited to a treatment of the dynamics of chain mol-
ecules at times considerably longer than local atomic relax-
ation times.

The scale-invariant approach for NMR has been suc-
cessfully pioneered by Cohen-Addad in a series of papers®®
and the essential features will be outlined in the section
2. The immediate advantage of this model, which was
demonstrated in paper 1,2 is that a method exists enabling
the statistical average of the cosine function in (1.4) to
be calculated without resorting to the second moment or
any similar approximation. Paper 1 was concerned with
unrestricted Rouse chains; however, the main purpose
of this paper is to generalize the method to a wider class
of dynamical models and, in particular, to show how readily
the method can accommodate the inclusion of dynami-
cal constaints into NMR calculations. The main results
are reported in section 3 and further analyzed to obtain
analytic expressions in section 4. In section 5 the full
problem of a chain with both a dynamic and configura-
tional hierarchical structure is considered and applica-
tions to network and entanglement problems are made
in section 6. Inthe Appendix various mathematical results
are proved concerning Gaussian random variables together
with a new method of handling dynamical constraints
by using a “path integral” method. This technique has
already been considered elsewhere to describe the dynamic
effects of topological entanglements.>® Adaptation to the
present NMR problem is fully developed in the Appen-
dix.

2. A Scale-Invariant Model for the NMR
Transverse Relaxation Function

Scale-invariant polymer models are produced by sub-
dividing the polymer chain into groups of sequential mono-
mer units. The specifically local conformational details
are then partially averaged so as to produce an effective
coarse-scale structural unit. The statistical properties of
the rescaled polymer chain, consisting of the coarse-
scale units, are then considerably simplified in compar-
ison with those of the original molecular chain. This idea
has been adapted to the NMR properties of polymers,
in particular the dipole interaction between spin pairs,
by Cohen-Addad et al.>® The original dipolar interac-
tion (1.2), associated with a particular proton pair, is
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Figure 1. Left-hand side represents the Cohen-Addad model
where N, atomic bonds containing the spin pair are rescaled to
form a {b} chain vector. A futher rescaling is considered with
N, of the {b} chain bond vectors forming an {R} chain vector.
The dynamics of the {R} and {b} chains are considered to be
quite different.

expressed in terms of the local variables d and the angle
«. These are determined by the atomic structure of the
particular monomer units comprising the polymer chain.
Cohen-Addad showed how these could be partially aver-
aged to give a rescaled dipole interaction that is less spe-
cific with regard to the atomic details and more appro-
priate for the description of NMR properties associated
with slow relaxation processes.

The model of Cohen-Addad is schematically summa-
rized on the left-hand side of Figure 1. (The full figure
is used in section 5). This model considers a concurrent
sequence of s = 1, 2, ..., N, atomic bonds, at a time ¢,
each carrying an NMR spin pair (described by the inter-
spin vector d,(t)), which are then treated as part of a
larger submolecule. The dipole interaction energy A Aw(a)
of a particular spin pair is then average over all config-
urations of this submolecule, subject only to the con-
straint that the end-to-end vector of this submolecule is
held fixed. Since the spin pairs are assumed to be rig-
idly attatched to the structural bond vectors, the aver-
aging over the dipole interaction (1.2) is subject to the
condition that the sum over the spin pair vectors d,(t)
of the submolecule is also fixed, i.e.

N,
2_d(6) = by(t) 1)
s=1

where b;(t) is a given (constrained) vector. The rescaled
dipole interaction A Aw*(b;) to be associated with this
semilocal, submolecule vector b; is then calculated as the
constrained average:

Aw*(b;) = 6((3 cos® & = 1) )5, (2.2)

From a dynamic point of view it is assumed that at the
atomic level the rate of configurational change of the spin-
pair vectors {d(¢)} is much faster than the time scale 6!
= (3v?h4d®)™! set by the dipole interaction. For a suffi-
ciently large number N, of spin-pair vectors eq 2.2 can
be evaluated® and the leading term is

822%(t) - x (t) - y (b))
N, d*

Aw*(b) = (2.3)

where (xj, Yjs zj) are the coordinates of the sub-molecule
vector b, with b? = x> + y 2 + 22

As a cosmetic exercise the expression (2.3) for Aw*(b;)

NMR Transverse Relaxation for Polymer Chains 1121
can also be written as
2
Aw*(b) = o {3cos? (9,(t) -1}  (2.4)
7 Ny\N,d? !

a

where ¥, is the angle between b; and the magnetic field
B, as shown in Figure 1. For a sufficiently large num-
ber N, of bonds in the submolecule, the average value of
b is given by (b;?*) = N,? and consequently Aw* as given
by (2.4) is similar in form to the original expression (1.2)
but scaled by the factor N,”'. However, this form con-
ceals the important and simplifying feature that rescal-
ing has done more than simply to reduce the strength of
the interaction by N,'. The dynamics governing the local
angular variables «(t) are determined by molecular con-
formational details, whereas for the rescaled chain they
can be adequately described by a Gaussian random pro-
cess. This, as was shown in paper 1, is crucial to the
problem of performing the dynamical averaging involved
in calculating the transverse relaxation function.

In this paper the effect of additional constraints imposed
on the chain will be considered. More specifically the
effect of restricting the dynamics of the end-to-end vec-
tor of the {b} chain to be an experimentally controlled
function R(t) will be considered; i.e., the constraint

N
ry(t) = D _by(t) = R(?) (2.5)
=

will be imposed on the {b} chain configuration at all times
t. This is the first step in constructing a hierarchical
chain structure with which the effects of entanglements,
cross-links, and time-dependent deformations on the NMR
properties of the chain can be accounted for. In fact the
constraint vector R(t) bears the same relationship to the
entire (b chain as the semilocal vector b; does to the sub-
molecule, built from atomic bonds. This relationship is
schematically shown in Figure 1 by the two shaded cir-
cles, spanned by the vectors b; and R;. In this way we
can also demonstrate and retrospectively justify the dynam-
ical scale invariance of the proposed model.

The constrained relaxation function for the rescaled
chain can be written in the form

G(ALR) = (cos ( f,Auw*(by(t) b)) pereoy (2:6)
Using (2.3) for Aw* gives
G(A,t;R) = real part:
3iA (t , ,
(exp ('2?_,[; {2z%(t") - xA(t") -

yie)ar)) @7
{ry(t)=R(t)}
where
) *h -
b®=N,d® and A=— =" =377 x10°/(N,d%s"
S N, 2N, d° /!

! (2.8)
for a proton pair with the distance between them d mea-
sured in angstroms. If we consider the dynamics of the
submolecule bond coordinates to be independent, then
the statistical problem is completely contained in the term

3iA [t 2 ’
(A:X) = (ex (— x () dt )) (2.9)
# PA\gpzJo ™ fn (=X ()]

where x(t) and X(t) are the x components of ry(t) and



1122 Brereton

R(t), respectively, so that
G(ALR) = real part: {g(24,6:2)g(-A0:X)g(-A,0: 1))

(2.10)

To evaluate g{A,t;X) given by (2.9) we need a dynami-
calmodel of the chain constructed from the coarse-
grained submolecule vectors {b} and a systematic method
of averaging over all the dynamical configurations of this
scale-invariant chain. These topics are considered in the
next section.

3. Calculation of the Constrained Transverse
Relaxation Function

3.1. Some Exact Results Involving Gaussian
Variables. The principal theoretical problem to be con-
sidered in this section is the evaluation of the compo-
nent g(A,t;X), given by (2.9), of the full relaxation func-
tion G(A,t;R). To maintain as much generality as possi-
ble a minimum of modeling will be used to describe the
dynamics of the chain. In particular it is assumed that
the dynamics of the submolecule vectors {b;(¢)} are “driv-
en” by Gaussian random forces {£,(t)} through linear equa-
tions of the form

N
bit) = Y f Gt - gt dv 3.1)
k=1

Both the Rouse®® and the tube model of Edwards®® can
be expressed in this form by an appropriate choice of
“Green’s” function G;,(t - t’). The linearity of eq 3.1
ensures that the time evolution of b;(t) also forms a Gaus-
sian random process, which in turn determines that the
statistical dynamic properties are completely described
by the bond correlation function

Yt =) = (bj(t)-by(t)) (3.2)

In order to evaluate g(A,t:X) given by (2.9), two exact
results for Gaussian random variables are used together
with a “path integral” method of handling dynamic con-
straints. These are essentially mathematical in content
and are discussed and proven in the Appendix.

To introduce the results into the discussion at this point
it is most convenient to state them in a matrix form. Con-
sider b; as a column matrix of T elements:

bj = ’bj(l), b1(2), vary bj(n), ceny bj(ﬂ} for _] =1-N

In other words the time is treated as a discrete variable
and the interval from 0 to ¢ is divided up into T inter-
vals. The elements {b,(n)} are considered as Gaussian
random variables described by the correlation matrix v;;

¥ = tri(nm)} = {(b(n)b;(m))}
Then for any nonsingular 7 X T matrix M, the follow-
ing result is proven in the Appendix:
[det (M)]"2(exp((1/2)b; - M- b)) =
[det [M - (1-; - M)™)]2 (3.3)
where the averaging is not subject to any constraint. The
terms det (M) and M refer to the determinant and inverse

of M, respectively, and terms such as b;- M« b; are matrix
products, i.e.

T
b;-M-b; = Zlbj(n)M(n,m)bj(m)

When the elements {b;(n)} are subjected to the con-
straint

N
D bn)=R(m) foreach n=1-T  (3.4)
k=1
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where {R(n)} forms the column matrix
R ={R(1), R(2), ..., R(T)}

then the following result, also proven in the Appendix,
holds

[det (M)]1/2<exp((1/2)b} ‘M. bj)>constrnint,zbj=R =
[det (Q)]2 exp (%R : % . R) (3.5)

where
Ql=M1!-T (3.6a)
and
N
T =v;- le% (3.6b)
i=1

The application of the mathematical result (3.5) to the
physical problem can be made if the time is treated as a
discrete variable and the interval from 0 to ¢ is divided
up into T intervals of duration ¢, with ¢t = ¢T,t' — t, =
ne, and f¢dt’ = 3 22f. Ultimately the limit ¢ — 0 will
always be used to recover the continuous time result, but
this imagined discretization of the time interval is a con-
ceptual help.

The original problem of calculating g(A,t:X), posed by
(2.9), is obtained by setting

= %Ael e, M(nm)= %%Aeénm
and by using (3.6a) to give
3 ; -1
Q= b—;Ae(l - %Ael‘) 3.7)
With this choice for M(t,,t,,) eq 3.5 gives

.7
g(ALR) = <exp[3—:AeZb(n)2]> =
2b n

constraint

1 3 o

3i 1/2 exp aNb?
[det (1 -—AT ]
b2
A LI
Nezz:ZR(n)s(n,m)R(m)] (3.8)
where
St=1- 2—§A6I‘

Although (3.8) represents an exact solution of the prob-
lem set by (2.9), it is still of little practical use unless a
prescription is given of how the determinant and inverse
of 87! = (1 - 3iAcT) are to be calculated. This problem
is tackled by means of a Fourier transform on the finite
time interval 0—t. Some attention is given to this in the
next section, because it is an unusual application of the
Fourier transform technique. Normally this transform
is used to change from a functional dependence on time
to one on frequency; however, in this case the interval
over which the transform is defined itself depends on t.
The resulting transform retains a dependence on ¢, which
will be exploited.

3.2. Fourier Representation on a Finite Time
Interval. The fundamental matrix in this work is the
{b} chain bond vector correlation function y(n,m) =
¥(t,,tm), which is only a function of (¢, - ¢,,) or (n — m).
Normally such matrix forms are “diagonalized” by a Fou-
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rier transform taken over the entire time interval ~» <
tnvtm < m; e'g"

(@) = [ “dr y(r) explivr) (3.9)

In a diagonal representation the inverse and determi-
nant of a matrix are then trivial. However, the problem
at hand, i.e., (2.9) in continuous time or (3.8) in discrete
time, is expressed only over the finite interval (0-t), for
which the required diagonalization no longer occurs.
Instead a discrete Fourier transform can be defined on
the interval (0-t), whereby, for example, the column matrix
b = {b(1), b(2), ..., b(T)} can be transformed to b, = {b_,,
bogs -y bz, Where

T
b, =T _b(m) exp(2ri(am)/T) (3.10)
m=0

The index « is an integer also chosen in the range 0 to
T. In the continuous time notation, (3.10) becomes

b =1 [t bit) exp(27ria7t’) (3.11)

The notation b, emphasizes that the transform is based
on a finite interval (0-t). Essentially b, represents the
configurational dynamics of the {b} chain expressed as
normal modes; however, over a finite interval they are
not strictly independent. For example, the correlation
function of these modes v,4, or the derived quantity
T, . can be defined as

T
T, =T%Y T(t,t,) exp[2rilat, + Bt,)/T] =

n,m=0
1, e (at’ + Bt”)
- f j;dt'dt"r(t'-t") exp| 2mi———| (8.12)
t

This does not appear to achieve anything, since ', 4., is
now a function of three variables, «a, 8, and ¢. It is only
when the variables ¢/, t”” extend over the infinite range
-w < t/,t” < o does T, 5, become strictly diagonal, i.e.,
T, s: = T8, -5 Nevertheless the transform (3.10) is use-
ful as a source of systematic approximations. To make
this clear the substitutions x =t -t and y = t' — t” are
made in the integral of (3.12), so that ', 4, can be writ-
ten as

1 ¢ t-jxl/2
Fage = -2—t§j‘-tdx .ﬁxlﬂ dy I'(x) X

exp[ rix(az—tﬁ)

exp[wiygﬁ%-t—-@] (3.13)
The y integral can be done, but the cases « + § = 0 and
a + 8 # 0 should be treated separately as they crucially
affect the relative magnitudes of the diagonal (8 = —a)
and off-diagonal (3 # «) terms. For the “diagonal® term
B = —a the y integral gives (t ~x) and T, =T, _,., can
be written as

1 ¢
Tt =5 fdx (¢ - 0T(x) cos @mxa/t)  (3.14)

Since I'(¢’) is defined in (3.6b) in terms of the bond cor-
relation function, then for times ¢’ greater than the long-
est dynamical relaxation time, the integration in (3.14)
can be extended to » and T, has as its leading term the
scaled form

1= / y
T, ~ ?ﬁ dt’ T(¢') cos (2nt'a/t)
~ —1 © 4 4 ~ —1
£ f7dt' T() ~ 7 for large t (3.15)
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Whereas for the off-diagonal terms o + 8 > 0, the y inte-
gral in (3.13) can be done and T, 5, written in the form

o =5 J, 8 T X

o [222 250 [ [ 222 0 LDt

t'Zj;tdx I'(x)x ~ t% forlarge ¢t (3.16)

Thus for times greater than the characteristic time of
the chain dynamics the diagonal terms are dominant.

In the other limit of ¢ — 0, it can be seen from (3.14)
that the single diagonal term « = -8 = 0 gives the dom-
inant contribution, since the other diagonal terms and
all the off-diagonal terms involve cosine and sine factors
that are rapidly oscillating in this limit. In section 6 an
expression, (6.3), is given for I, 5., evaluated for a single
relaxation time process, which explicitly illustrates these
general features.

The advantage of this representation is that the use of
the diagonal term, given by (3.14), will give the correct
result in the two limits t — 0 and t — ». In paper 1 it
was shown how the off-diagonal terms can be treated in
a perturbation expansion to give systematic corrections
for times on the order of the bond correlation relaxation
times. Experience showed that they were small and that
the use of the diagonal terms gave a good result for the
range of times for which the relaxation function was mea-
surable. In the remainder of this paper only the diago-
nal terms are used, in which case explicit expressions can
be given for the formal terms in (3.8); e.g.

det (1 - %AI‘) = H (1 - %Atl‘a;t) (3.17a)

and
7 4N = = ; (t,_t”)
S ") = ;Sa;, exp[-—Zma - ] (3.17b)
where
Saie = %—3.1 (3.17¢)
1-2A¢T,,
bt

The full result can be written in the continuous time nota-
tion as

gatX) = <exp[23—l:2Aj;tx2(t') dt’]) =

. constraint
{H (1 - g’iAtI‘a.,)_l/ 2} x
~ b2 i
3i A EClyranQier  ont .
exp(ZNbuT/)J; .I;X(t )S(t - )X (t") dt’ dt” (3.18)
and for the unconstrained chain, using (3.3)

glatX) = (exp[23_;2AJ;tx2(t,) dt’]) =

0

{H (1 - i—ﬁAtm)_w} (3.19)

a

These expressions, (3.18) and (3.19), are major results of
this paper, as they provide calculable explicit expres-
sions for the relaxation function g(4,t: X), from which the
full relaxation function G(A,t;R) of the transverse mag-
netization can be found, using (2.10). The only input to
this result, which depends on a physical model for the
dynamics of the chain, is the bond vector correlation func-
tion v,;(t) = (x;(0)x;(t)). This determines the function
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T,.. by means of (3.6b) and the transform (3.14); i.e.
2 27t
T, =- f ‘¢’ (¢ - ') cos [ ——"——r(t')] =
2wt
f dt’ (t - ¢t’) cos ( ){(x {(0)x;(t)) -

N‘Z<xi(0)xj<t'>>} (3.20)
=1
and S(¢' - ¢”) from (3.17b) and (3.17¢).
For a one-bond chain (N = 1) the result is readily
checked since the term in brackets in (3.20) cancels and
T,: = 0. It then follows from (3.17b,c) that

Sa;! = t_l and S(tl - t2) = 6(t1 - tz)
so that
_ 31A . N2
gat) = exp[ﬁ Joar xer]

which is in agreement with starting expression (2.9) when
the bond vector b;(t) is set equal to the constraint R(z).

4, Scale Invariance and Long-Time Behavior

4.1. Dynamical Scale Invariance. An immediate
application of this result is to confirm the original scal-
ing procedure introduced by Cohen-Addad and used in
section 2 to define the scaled NMR submolecule. In this
initial rescaling no account was taken of the dynamics of
the original atomic bonds, essentially they were consid-
ered as being much faster than the time scale set by the
dipolar interaction. In the main part of this paper a res-
caling at a larger scale has been considered where a chain
consisting of N of these submolecule bonds has been con-
strained so that the chain end-to-end vector, at a time ¢,
is fixed at the value R(¢). In the limit that the relax-
ation times of the chain between the constrained ends
are very fast, a rescaled version of the original submole-
cule model should be obtained. That this is the case can
be seen by examining the behavior of the bond correla-
tion function v,(t) in the « representation

o 215 ffat, (¢ - t)(x0x(t) cos @mza/t)  (4.D)

The limit of very fast dynamics for the bond vectors
{x;(t)} is obtained by letting the slowest relaxation time
7 — 0. Both the transformed correlation functions
Yija¢ @nd T, ~ 7 and consequently for ¢ » 7 tend to
zero'as 7 — 0. In this limit the functions S, and S(¢, -
to) are determined from (3.17¢,b) once again as

See =t and St -ty) = 8(t; - ¢,)

and therefore the relaxation function (3.18) can be writ-
ten as

g(ar) = exp[:;‘b‘i: far, X"’(tl)] 4.2)

where A* = A/N and b*2 = Nb? This has exactly the
same form as the unconstrained starting expression (2.9)
except for the rescaling of the dipole interaction strength
A — A* and the size of the bond vector b — b* and dem-
onstrates the dynamical scale invariance of the original
model.

4.2, Analytic Long-Time Results. When the time
¢t over which the relaxation of the transverse compo-
nents of the nuclear magnetization is measured is larger
than the longest relaxation time of the bond correlation
function v,;(t), the infinite product of factors occurring
in (3.18) and (3.19) for g(A,t;X) and g(A,t) can be use-

Macromolecules, Vol. 23, No. 4, 1990

fully simplified. The unrestricted result (3.19) for g(A,t)
will be used, i.e.

-1/2
g(at) = H{ 1- %m} Y (4.3)

In the large time limit v, can be written in the scaled
form y*(a/t), given by

YH(a/t) = by, =2 f At 4(t) cos

The infinite product of factors in (4.3) then becomes

(RS )

o

(ZW: a)

(4.4)

For large times the sum over « can be converted to an
integral over the variable w = 27a/t according to

= %ﬁ:dw

and (4.4) can be written as the exponential

g(At) = exp[-B(A,N)t] 4.5)

where

~B(AN) = 1{ 34 *(w)} (4.68)

and

(@) = J7dt; (1,(0)x,(t)) cos (wt;)  (4.6b)

In principle 8(A,N) is a complex quantity so that the com-
plete relaxation function G(At), given by (2.10), has the
form

G(A,t) = exp(-\t) cos (Qt) (4.7

where the real part A = {8(24,N) + 28(-A,N)} and the
imaginary part Q = {8(2A,N) + 28(-A,N)}.

The phenomenological transverse relaxation time T,
and the status of the widely used second moment approx-
imation can be discussed in the context of this result.
Briefly, if the bond vector correlation function satisfies

(x(0)xj(t)) ~0  for t> 71

then from (4.6b) it follows that v;;(w) < b2
case, for At
to give

BN =22 [ 00w + { } S +

and Q = imag {5(2A,N) + 28(-A,N)] = 0 to order
(ATpay)? because of the cancellation of the linear terms.
Hence the relaxation function G(A,t) is purely exponen-
tial and the decay rate A can be identified with the trans-
verse relaxation time T,™; i.e.

In which
<1 the logarithm in (4.6a) can be expanded

A=T; = 27?2 d“’[ *(w))?

Using (4.6b) for y*(w) gives

T, = 27—f de [(x;(0)x;()))°

This is just the result of the second moment approxima-
tion. The calculation of T, for the Rouse model of poly-
mer dynamics, its dependence on molecular weight, and
its relaxation spectra are described in detail in paper
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1,2 where the effect of the cosine factor in (4.7) is also
discussed.

5. Constrained Hierarchical Systems

Networks and entanglements introduce into polymer
systems additional structures at large scales and long times,
which can also be probed by using the relaxation of trans-
verse magnetization. To investigate these aspects within
the framework proposed in this paper the hierarchical
gystem shown schematically in Figure 1 will be used.

As was discussed in section 2, the original atomic bond
vectors constituting the polymer chain are rescaled into
groups of containing N, consecutive atomic bonds. Each
individual group j is spanned by an end-to-end vector
b;. The dynamics of the {b,} vectors is described, as before,
by the correlation function

v;P(t) = (b;(0)b;(t))

A new grouping of N, consecutive {b;) (i = 1, ..., N}) vec-
tors is considered, spanned by an end-to-end vector R,.
The {R;} (J = 1, ..., Ng) is now considered to form at an
even larger scale chain consisting of Ny large-scale seg-
ments based on the {R} vectors and governed by dynam-
ics quite different from that operating on the {b;} vector
subchains. The dynamics of the {R,} vector chain is
described by a new correlation function v,;,®

vy ®@) = (R0)}Ry(t)) 5.1)

For example, in entangled systems the {R} chain could
be used to describe large-scale and long-time reptation
dynamics, while the {b;} subchains would still be gov-
erned by relatively fast "Rouse dynamics. Alternatively,
in network systems the {R} chain could be used to label
the network junction points. Again the dynamics of these
points will be different from that of the subchains. This
hierachy could be indefinitely extended, however, if no
further restrictions are placed on the {R} vectors, then
the relaxation function for the hierarchical chain is, in
matrix notation

g(At;b,R) = ((exp[(1/2)b-M:b]) ppp)im;  (5.2)

The nested averages are readily evaluated. First, from
(3.5), the constrained inner average is obtained as

g(A,t:b,R) = ((exp[(1/2)b-M:b])sy-r)m =
[det [M - (1 - T . M)7])/2 (
(det M)/

exp[%R-%- (1-

.M. R] >m] (5.3)

where
o = 40 _ Nb-lz,y(b)
Set Q1 = M1 - I'®; then (5.3) can be written as
(det Q)" (1 Q ))
At:bR) = (——— =R—+.R
4 ) det M) " PNZ N gy

and evaluated, using (3.3), to give
g(A,t;b,R) = N[det [Q - (1 - N, %® . )11V
(det M)Y/? = N(det [W])'/2/(det M)!/? (5.4)

where

N -2w—1 Q—l _ZY(R)
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As before the physical problem at hand is given by M =
3iAe/b%1 so that

3iA€ W-} = l 3I,A€ r(b) ‘)’( )
Nb2b2 b2 sz
and hence

: @} ]-1/2
g(AtbR) = det {1 - %A—‘{r‘b) + ]lv—2§} .5)

b

By use of the same transformation (3.14) for the o rep-
resentation, the result for the relaxation function
g(A,t{bL{RY) for the hierachical chain ({b},{R}) can be writ-

ten as
(R) \ -1/2
- (b) At Yo
g(aLb.R) H{1 3i b2 T, Nbsz)} (5.6)

This is a major result of this paper for the investigation
of the NMR properties of networks and entangled or oth-
erwise constrained systems. The required input con-
sists of the dynamic correlation functions {b,(0)b;(t"))
and (R,(0)R,(t")) for the subchains {b} and {R} expressed
as Fourier transforms over the finite time interval 0-¢;
ie.

1 t ’ ’ /a 4
r®= y j; dt’ (t - t') cos (21rt ;){(bj(O)bj(t ) -
N7 (bO)b(t'))} (5.7a)
k
and

@ =1 f dt’ (t - t) cos (27rt’a)<RJ(O)RJ( "
(5.7b)

As a check on this result and especially the structure of
the term I',®, it is interesting to consider the case when
the dynamics of the {R} chain are the same as those of
the {b} subchains. In this case part of the hierarchical
structure, shown in Figure 1, should disappear. Thls is
reflected in a partial cancellatlon between the v'® and
I'® correlation functions. To see this recall that since
R = X" b and if the dynamics are the same, then

Ny
(RAORL) gy = D_ (bx(0)b;(t))y
kj=1
ie.
7 B = Nb'Yj}

With the definition of T, from (5.7a), the combination
(r,® + 4 ® /N,,2) in the denominator of (5. 6) becomes

0y Yoo b 1 by Yoo b
0+ =7()‘NZ YO 42 ) =y ®
N, Ny

ie.

g(AL(b,RY = H{l B3 a"”}”z 5.8)

As expected this is the result for an unconstrained chain
of {b} bonds.

It is not the intention in this paper to present a detail
account of the application of (5.6) to the experimental
NMR properties of entangled or network systems. How-
ever, in order to demonstrate the main features and prin-
cipal experimental consequences of the theoretical results
derived in this paper a simplified model based on the
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Rouse and reptation models for the chain dynamics is
considered in the next section.

6. A Model System with Applications to Networks
and Entanglements

It has been shown in some generality that in order to
calculate the transverse spin—spin relaxation function with
a hierarchical scale-invariant model the only inputs needed
are the unconstrained bond vector correlation functions
of the chains involved at each level of the hierarchy. In
the present case, represented by eq 5.6, only two levels
of chain dynamics were considered as represented by the
{b} and {R} subchains. The (R} subchains were intro-
duced to describe more global phenomena such as entan-
glements or networks. The {b} subchain represents the
smaller (and faster) level of description and is most appro-
priately described by the Rouse model.3® In this model
the bond vector correlation function is given as a spec-
trum of relaxation times:

Ny .
T
(b;(0)-b;(t)) = 2bQZsin2 (%) exp(-t/r,)
- ’ (6.12)
p is an integer variable representing the normal modes
associated with a linear chain and 7, is the relaxation
time of the pth mode.

T, = /sin’ (xp/2N,) ~ 47N,/ p?

7 is the fastest relaxation time (i.e., the p = N mode)
and is essentially a parameter of the model, while the
slowest relaxation time depends on the degree of poly-
merization N as N2. In this paper the {b} subchains have
been considered to form a new level of structure of either
entanglements or networks, which are described by the
{R} chains. These two cases are now considered.

6.1. A Model for Entangled Chains. If the {R}chains
are considered to represent entangled molecules then the
reptation model of de Gennes3? or the tube model of
Edwards® can be used. These give for the {R} chain bond
vector correlation function a result similar to (6.1a) except
that a new relaxation spectrum r,™P is involved, with

AL 7pj
(R{(0)-R;(1)) = 2Rzév_:sin2 (F) exp(~t/7,*")  (6.1b)

p=0 R
and
rep 37,2
Tp TN°/p

The proportionality to N° rather than N? is the crucial
feature of this result. Use of the Rouse description (6.1a)
of chain dynamics on a relatively local level and the rep-
tation description (6.1b) of entanglements on a larger scale
completes the input to the general result for the NMR
relaxation function (5.6), Unfortunately the used of a
spectrum of relaxation times makes explicit analytic
progress very difficult and algebraically complex. To dem-
onstrate the content of the present theoretical results a
single relaxation time (7,,75) will be used in each case
with

Th ~Nb2

TR ~NR3

(Rouse)

(reptation)
so that

(R;(0)R;(t)) = 2R? exp(~t/7,"P) (6.1c)
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and for the constrained {b} subchain the following result
will be used

(b,(0)b;(t)) - N*D_ (b, (0b,(t)) = b exp(-t'/7;)
* (6.1d)

6.2. The Model for Networks. If {R ;] vectors rep-
resent chain elements between network cross-link points
then the dynamics of these points will be quite differ-
ent.?” The easiest model to use would be to simply fix
the cross-link points so that the {R} chain has no dynam-
ics. We will use a single relaxation time 7y result simi-
lar to (6.1¢), but without the molecular weight depen-
dence so that the particular static limit rg — * can be
studied in a more general dynamic context.

The magnitude R of the {R} chain vectors will depend
on the deformation of the network and is written as R?
= R2(\), where X is the deformation tensor. The prob-
lem of how a macroscopic deformation actually effects
the cross-link points has a large literature. Work by
Flory®® and Edwards® contains useful summaries of the
present situation. For illustration the simplest model
employing an affine deformation will be used where R
can be written as

R =R\ =\ X2+ N\ + 222 =
NP\ + 02+ 0,D)/8 (6.2)

6.3. Analytical Results for the NMR Transverse
Spin Relaxation Function. The relaxation of the trans-
verse components of the spin magnetization is given as

G(ALL) = (cos [ j; fAw(alt) dt1]) =
real part: {g(2A,t)g(~A,t)g(=At))

The theory presented in this paper gives the function
g(A,t) by (5.6), which requires the two correlation func-
tions as input. The two correlation functions vy, and
I,® describing the chain dynamics in the mode () rep-
resentation are given by using (6.1c) or (6.1d) in (3.14).
However, in order to substantiate the remarks made in
section 3 about the dominance of the diagonal terms, the
complete form, using (3.13), will first be given. By use
of the expressions (6.1a,b) the integrals can be solved to
give, e.g.

(0]

T
‘Yaﬂ = R 2 [5a,‘ﬁ -

TR(1
NBE U1+ (w,7p)?

t

{1 + (wawsmp)}
{1+ (wﬂTR)Z

with w, = 2ra/t. The dominance of the diagonal terms
a = —f3 can be seen by inspection and are given by

exp(-t/Tg) ] (6.3)

Tao _2mf 1 g (1= (w.p)?]

Nb? t L1+ (wa13)2 Tt 1+ (waTR)2]2\

exp(—t/7p)) ] (6.4)

A similar expression holds for I',® /b2 but with 75 — 7,,.
With (6.4) and the corresponding expression for '/
b?, the relaxation function g(A,t;b,R), given by (5.6), can
be readily evaluated numerically to show the depen-
dence of the NMR relaxation function on the two relax-
ation times 7, and 75 and the state of deformation of the
network. These results will be presented shortly, how-
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ever, since for entanglements 7, ~ N? while r; ~ N°
and therefore the time ranges for the configurational relax-
ation of the (b} and {R} chains vary greatly. This is also
a reasonable assumption for the network case. Under
these conditions further useful analytic progress can be
made that gives some insight into the nature of the trans-
verse spin relaxation function.

Although both correlation functions are described by
the same form, the o dependence is radically different,
depending on the criterion 7, « t « 7. For the {b} sub-
chains, which are percieved as being very fast, i.e., t/7
> 1, expression 6.4, when applied to I',®, reduces to
the form

LY 25, 1
b2 ¢ 1+ (waTb)2

-and w,1, = 27ar,/t can be treated as a continuous vari-
able.

In contrast to this behavior the correlation function
v, for the {R} chain, which will be considered as dynam-
ically slow, i.e., t/75 « 1, is dominated by the small
modes. In particular the o = 0 mode must be treated
separately from the rest to give

Yo /RE =1

(6.5)

for a=0,t/p«1
and

v, B /R = 1.1

/R= TR 70l

In other words the & = 0 mode completely dominates
the dynamics in the near static limit 75 > t.

By separating out the o = 0 mode, the relaxation func-

tion g(A,t;{bl,{R}) given by (5.6) can be written as a prod-

uct of fast and slow contributions. From (6.5) and (6.6)

3iat X272 2iAr, {7
A’ H ’X AT ATL
glasiz.X) = {1 } H{ 14+ (w Tb)2}

6.7)

where the first term is the slow and the second the fast
contribution. Since w,7, = 2war,/t can be treated as a
continuous variable, the infinite product of factors can
be treated in the manner set out in section 4.2 and
expressed as an exponential function

- {1——ﬂ"——}'1— [-8(At]  (6.8)
H L+ (ry) LS '

for a #0,t/7p <1 (6.6)

where

sary = [ {y_+_<12_A_>}

0 2w y2 +1
This can be evaluated to give

B(Ary) = 51;,,[(1 - 2iAr) Y- 1] 6.9)
So that
g(ALix, X)) =
{1 ‘]ﬁtx p[—((l — 2iAry)2 - 1)—] (6.10)

where (6.2) has been used for R2. Finally the complete
NMR relaxation function is given by

G(ALbR)) =
real part: g(24,t:{2,Z})g(- A tix, XNg(-Atly, YY) (6.11)
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Although the real part can be explicitly found, it is alge-
braically complicated and will not be written down here.
Instead the main features of the result (6.11), with
g(a,x,X}) given by (6.10), will be considered: (a) The
term (1 - iAtA\,%2/N,)""/?, which originated from the o =
0 mode of the {R} dynamics, is exactly the result for a
Gaussian distribution of frozen {R} vectors carrying a
dipole-dipole interaction of strength A* = A/N,.3% This
can readily be seen; the component g(A,t: X) of the relax-
ation function associated with the {R} chain is given by

g(A::X)—<exp[3‘A Sixx t’)dt’]) (6.12)

For frozen bonds the X(¢’) have no dynamics, i.e., X(t’)
= X, and if the X are Gaussianly distributed then (6.12)
is evaluated as

g(ALX) =

67r)1/2 . (-X2 ){ (3iA*t 2)}
br ax BiA* wa)d o
(R2 J e 2 x) NP\ or?

(1-iA*aAY)V2 (6.13)

where

A2 =3(X%) /Ry

{b) The exponential term exp[-8(A,7,)¢] is appropriate
for an (almost) unrestricted {b} chain with a dipolar inter-
action strength of A. (For an unrestricted chain the cor-
relation function v;; rather than T';; = v;; - 2v,; would
be used.)

6.4. Computed Results. In the full relaxation func-
tion G(A,t;b,R) (6.11) there is an intermixing of the real
and imaginary parts of both of the g functions given by
(6.10), which in general complicates the interpretation
of the final result. Two limiting cases, which can be rel-
atively easily discussed, are Ar, «< 1 and A7, >> 1.

6.4.1. Fast (b} Subchain Dynamics (A7, « 1). The
{b} chain relaxation is fast compared to the NMR time
A™!, and in this case the exponential term is entirely real.
This can be seen by expanding 3(A,r,), given by (6.9), as

B(A,ry) ~—iA)2 + A1y /4 (6.14)

The required combination 8(24,7,) + 28(-A,7,) is real
and from (6.11)

G(At;{b,RY) = exp(-3A%r,t/2) X

. At ) (1 4 ALy 2) (14 A8 )1
real part: {(1 2LN>\ )(1+ N)\ )( Nb)\y)}

(6.15)

In which case the full NMR relaxation function is a prod-
uct of two terms: one, coming from the fast {b} chain, is
exponential in time and the other, coming from the static
{R} chain, is an algebraic function of ¢. In the limit that
the {b} subchains relax very fast (r, — 0) the NMR relax-
ation function is given entirely by the algebraic part:

G(At;{b,R}) = real part:
g(l - 2%?,2) (1 +i N,,A )(1 +i MA )}'1/2 (6.16)

This is shown in Figure 2 for an {R} chain, where each
bond vector is spanned by a {b} subchain made up of N,
= 50 units and subjected to a range of uniaxial exten-
sions: A = 1, 2, 4, up to Ay, ~ Np/2 ~ 7, with A, = A
and \, = A\, = 1/A"% The behavmr as expected, is non-
exponentlal and the time scale is set by the reduced scale
At/N,. The convergence of the curves at long times, for
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Figure 2. NMR relaxation function for a static network of {R}
chain vectors (5 — =) deformed with an end-to-end distance
R given by R? = (A* + 2/)\)N,b?/3. Each R vector is spanned
by a {b} subchain of N, = 50 units, which is considered dynam-
ically fast (v, — 0).
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Figure 3. Effect on the NMR relaxation function of a slow
relaxation time Arp = 103 for the {R} network vectors. As in
Figure 2, N, = 50 and A7, = 0.

different deformations, is readily seen by usmg (6.15).
At long times G(A,t) =~ (AtA2A, 2)\ ,9)73/2] and since for
incompressible systems A\ A\, = 1, G(At) is indepen-
dent of the deformation.

At shorter times the dominant term is (\,> + A, -
2X,%)(At)Y/2, which is absent in the undeformed state but
is mcreasmgly important for A # 1. The effect of allow-
ing a slow relaxation of the originally static {R} chain is
shown in Figure 3, where the relaxation time r, is decreased
from the static value « to 10® A™.. The full result (5.6)
together with (6.1) was used to numerically calculate the
relaxation function G(A,t;{b,R}). The effect on the defor-
mation dependence is relatively dramatic, especially at
longer times. The other possibility of keeping the net-
work {R} chain static and increasing the relaxation time
of the {b} subchains from very fast (Ar, = 0) to very slow
(A7, = 1000) for the same range of deformations is shown
in Figures 4-6. It is useful to distinguish between “fast”
{b} chain dynamics, i.e., A7, < 1, as shown in Figures 4
and 5, and “slow” dynamics Ar, > 1, as shown in Figure
6.

For Ar, < 1 exponential behavior is seen in Figures 4
and 5, imposed on the algebraic behavior due to the static
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Figure 4. Relaxation time A7, = 0.01 for the {b} subchains
was used. The network {R} chains are kept static and N, = 50.

network chain shown in Figure 2. The time scale is set,
from (6.15), by the combination (A%r,)!, When the
dynamics of the {b} subchains become slow on the NMR
time scale set by A™, i.e., Ar, > 1, this case has to be
considered separately.

6.4.2, Slow {b} Subchain Dynamics (Ar, > 1), While
the expansion (6.14) in powers of A7, is consistent with
the second moment approximation, for A, >> 1 the full
expression (6.9) for 8(A,7,) must be used, as the imagi-
nary part now becomes increasingly important. The sim-
ple exponential behavior is now modified by a cosine fac-
tor according to (4.7), resulting once again in nonexpo-
nential behavior and an ambiguous interpretation of T\.
For A7, > 1 the relaxation rate 8(A,7,), given by (6.9),
can be expanded to give the complex quantity

1/2 1 21/2 (1 - 1/2
B(A,fb)w(éb) {( e e B

So that the exponential term in (6.10) has both a decay-
ing and an oscillating part. The result is shown in Fig-
ure 6 for Ar, = 10 and 1000, N, = 50, 75 = «, and A =
1, 7. The sharp downturn of the curve for Ar, = 10 is
due to the influence of the cosine factor (4.7) coming from
the imaginary part of 8(A,7,). The curve for Ar, = 1000
shows that the chain is already beginning to act like a
frozen chain (notice that the time scale is an order of
magnitude smaller than that displayed in Figure 2).

7. Conclusions

7.1. The Shape of the Relaxation Curves. Even in
the absence of any deformation (A = 1) the relaxation
curves shown in Figures 2-6 are, to varying degrees, non-
exponential. This makes the analysis in terms of an
enforced T, parameter artificial. It was shown in sec-
tion 4.2 that only when the dynamical relaxation times
satisfy Ar < 1 is the NMR relaxation a simple exponen-
tial decay. Under these circumstances the second moment
approximation is valid and the spin relaxation time T,
is given by (1.7). Departures from exponential behavior
are seen when the polymer chain relaxation times satisfy
A7 > 1. The initial departure (A7 = 1) from simple expo-
nential behavior is primarily due to an oscillatory con-
tribution arising from the complex decay rate 3(A,N) given
by (4.6a). The A = 1 and 1, = 10 of Figure 6 show this
effect. As 7 — = a purely algrebraic result (6.13) is
obtained, where the NMR relaxation function decays as
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Figure 5. Relaxation time Ar, = 0.1 for the {b} subchains was
used. The network {R} chains are kept static and N, = 50. At
small times the effect of the deformation becomes less as the
chain begins to “freeze” within the NMR time scale.
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s
log{G(4,t;{bR})}

Figure 6. Deformation and time dependence of the NMR relax-
ation function for relatively slow Ar, > 1 subchains.

732 for example, the A = 1 curve shown in Figure 2.
Exponential behavior in the spin relaxation function is
related to the ability of the spin to reorient in the NMR
time period set by A™. Deformations of a network struc-
ture or molecular weights in the entangled regime pre-
vent this from occurring and the experimental curves are
inevitably nonexponential.®®” Under these circum-
stances the commonly used second moment approxima-
tion (1.9) is also unreliable.

The approach adopted toward this problem is one of
expediency. Charlseby et al.}? have tried fitting the curve
to a form reminisent of the Williams—Watt form, i.e.

G(t) ~ exp[-(t/Ty*]

where x is a parameter ~ 1.5.
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In the work of Kimmich” a practical point of view is
taken of defining a T, as the time for the decay to reach
1/e of its original value. Schmit and Cohen-Addad*® have
used parameterized fitting functions that conform to some
of the mathematical requirements imposed by NMR the-
ory. Ingeneral the shape of the relaxation curves obtained
from NMR experiments are without any particular dis-
tinguuishing features and what is really required is the
variation in shape as an experimental parameter such
the temperature, deformation, or molecular weight is var-
ied. A detailed comparison of the present theory with
experiments conducted on stretched networks and entan-
gled systems is planned in anticiation of the results shown
in Figures 2 and 3.

7.2. Deformation Effects. If the |R} chain is consid-
ered as part of a deformable network, then from Figures
4-6 it is clear that the effect of the deformation progres-
sively decreases as the relaxation time 7, of the {b} sub-
chain connecting the cross-link points increases. In other
words the subchains, as perceived by NMR on a time
scale A™! set by the dipolar interaction, lose their elas-
ticity as their dynamics becomes slower, i.e., as 7, increases.
For A7, > 1 the chain does not have enough time to explore
all possible configurations or degrees of freedom of the
chain and consequently does not fully perceive the elas-
ticity inherent to these degrees of freedom or the imposed
constraints.

Roughly speaking these curves are governed by two
dimensionless functions of time, i.e., (A%7,) and AtA?/
N,. The influence of the deformed network is perceived
in an NMR experiment for times ¢ and deformation ratios
X that satisfy ¢tA2/N, > 7,. For Ar, « 1 this criterion is
relatively easy to satisfy despite the factor N, %, e.g., the
values used to produce Figure 4 give AtA2/N, = 0.02At
for A = 1 and Ar, = 0.01. Hence for all deformations
and all times At > 1, the NMR relaxation is dominated
by the deformed network. However, for the marginal case
Ar, < 1 the criterion AtA%?/N, > Ar, may not be satis-
fied at small times and small deformations, e.g., in Fig-
ure 5 the parameters used give AtA%/N, = 0.08At for A
= 2 and Ar, = 0.1. In this figure it can be seen that the
effect of the A = 2 deformation is not seen until At > 2.

For Ary, > 1 the dominant time scale is always gov-
erned by Ar, since A* < N and the influence of the {R}
chain on the NMR properties of the {b} subchains is rel-
atively ineffective, e.g., Figure 6.

7.3. Entanglement and Molecular Weight Ef-
fects. For entanglement process the two relaxation times
have different molecular weight dependences, i.e., 7, ~
M2 and 75 ~ (M/M_)3*, where M, is the critical molec-
ular weight between entanglements. The experimental
curves are inevitably nonexponential,®®7 which once again
makes the analysis in terms of an enforced T, parame-
ter problematic. Furthermore, since the entanglement
relaxation time 75 relative to the NMR time A™! satis-
fies A7y > 1, the commonly used second moment approx-
imation is unreliable. It is hoped to apply the methods
developed in this paper to these problems in more detail
at a later date.

Appendix
Evaluation of the Matrix Form

[det (M)]"*(exp[(1/2)b;- M- bl)gyp (A1)

where M is a T X T matrix M(m,n) and b; are column
matrices of T elements, each one representing a Gaus-
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sian random variable with

(bqb;) = {(bi(n)b,’(m))} = {’Y;‘j(n,m)} =Yy

The elements {b;(n)} are subjected to the constraint at
each moment of time ¢’ = ne

N
D bin)=R(n) foreach n=1-T  (A2)
k=1

The constraint is expressed as a product of & functions
for each moment of time in the interval 0-¢

T N
[T52_bin) - Rn)) (A3)
n=1 i

and parameterized as

N
S Hdé;(n) expli)_g(m|)_bi(n) - Rin)}]
n w " :

or in matrix form as
S Dgexplig(X_b-R)] (A4)

In the evaluation of (Al) extensive use will be made of
the following result {(ref 36, Appendix 2.1), again stated
in the matrix form

[det (A)]2 [ De exp[(-1/2)¢Ae + co] = exp(c-A™c)
(A5)

A if a nonsingular matrix and ¢ and ¢ are column matri-
ces. For example, this result can be used to linearize the
argument of the exponential in (A1), which is quadratic
in the terms b, i.e.

exp[(1/2)b;- M - bj] =
[det (M) f Dy expl(-1/2)¢- M + by] (A6)

The product of constraint-conserving é functions param-
eterized by (A4) can now be easily included in (A6) to
give

TT5Q_p-R) expl(1/2)b;- M- b)) =
[det (M™)]? [ dg exp(-ig:R) | do exp[(-1/2)p-M g
+ D byledy, +g)] (A7)
k

The average over the Gaussian random variables {b} is
found by using

(EXP[Zbk'hk] )= eXP[(l/Q)th"Ykz‘hz] (A8)

for an arbitary matrix function h,. Define

ZM) = (JTo3 b -R) expl(1/2)b;- M- b]) 49)

then using (A7)
Z(M) = [det (M™H)]¥% x

fdg exp(-ig-R) fdw exp[ (-1/2)eM™0 +

o YH .
2_(oby; + ig)—(ob; + ig) ] (A10)
kl

The {¢} integrals have the form of (A5) and give
-1y11/2
Z(M) = [det (M™)]
(det (M - 'ij)]l/z
(1/2gND_y + D 7(M* -y v}g] (A1)

dg exp[-ig:R -
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The {g} integrals are calculated in a similar manner, by
using (Ab), to give

Z(M) = {[[det (M™)]"? exp[~(1/2)R{N D v +
D (M - v) Y A I/RI[det (M7 - ] X
[det IND_y+ D_y-(M™ -7 > ¥4 (A12)
The complete statistical problem is given by
(exp((1/2)b; X M X bj]) py =g = Z(M)Z(0) (A13)

With some simplification of the determinant factors, this
can be written as

(exp[(1/2)b;- M - b)] )ij=R =
[det (M7)]"/? Q
-R—=.R ) (Al4
[det (M—l_,yjj_*_ N_lz'Y)]l/z eXp( o\ ) ( )

where @ = N’[INY vy + Ty (M —v,) -4~ [N
The matrix Q can be rearranged by the following series
of matrix manipulations

Q=N [WND_ v+ D (M -y m'ix
D (M- yNT =
NN Y (M = ) O = ) + N e
(M- y)N] =
N = ) + N7 (M -y )IND_ oD
M- ‘ij)N'l] =
(M- 7;) + Nl (A15)

set

P=7;-N'D v
then

Ql=M'-T (A16)
and (Al4) can be written in the form used in section 3,
Le.

[det (M)]/*(exp[(L/2)b;- M - b]) gy g =
[det (Q)]/2 exp[(l/%R-%-R]
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ABSTRACT: The properties of poly(ethylene oxide) PEO chains in dilute and semidilute solutions in
methanol have been examined using pulsed-field-gradient NMR and static and quasielastic light scatter-
ing (QELS). From the temperature dependence of the second viral coefficient the © temperature was
determined to be close to 16.7 °C. Values of the inverse osmotic compressibility (ax/4C), determined inde-
pendently from static LS and the ratio of the respective diffusion coefficients (Dggys/Dnyr) in dilute
solution, were identical within experimental uncertainty and are precisely described by renormalization
group theory. The latter also provides a good fit for the concentration dependence of the diffusion coeffi-
cient. The self-diffusion coefficients are represented by a universal curve: log (D/D,) versus log (C/C*).
The dynamic light-scattering measurements showed the presence of molecular clusters (or ordered domains),
which appear to constitute a general feature of PEQ solutions in both good and poor solvent quality. These
clusters diminish in size as the temperature is raised and/or the concentration is lowered. Data for hard
spheres (stearic acid coated SiO,) diffusing in the PEO solutions formed a universal curve, log (D/D,) ver-
sus log (C/C*), independent of sphere size and gave a dependence on matrix MW of M58, Clusters of
size similar to the hard spheres have an apparent diffusion rate that is 1 order of magnitude slower at the

same matrix polymer concentration.

Introduction

Poly(ethylene oxide) (PEQO) has attracted consider-
able interest for its unusual properties; it is soluble not
only in water but also, for example, in dioxane, chloro-
form, methanol, and benzene. There is also a pronoun-
ced tendency for PEO to associate in solution: this has
been demonstrated by light-scattering measurements, even
in very dilute aqueous solutions,’”” and short chains may
form spherulites.® It would appear, however, that these
aggregates, reflected in a slow mode in dynamic light scat-
tering in water solution, represent only a small weight
fraction of the material in the solution. Thus, classical
gradient diffusion on the high molecular weight polymer
gives D values that agree almost precisely with the fast
mode deriving from the molecularly dispersed polymer.®

In light of the ambiguities, which may have resulted
from aggregation in aqueous solutions and which place
in question some of the conclusions drawn in earlier stud-
ies, it seemed worthwhile to reexamine the behavior of
this important polymer in a more congenial solvent. Meth-
anol appears to be such a solvent. Moreover, the O state
is accessible in methanol in the vicinity of 17 °C, which
allows one to examine the influence of solvent quality by
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varying the temperature. In addition, PEO has a unique
proton signal making it possible to perform pulsed-field-
gradient NMR (PFG-NMR) measurements of self-
diffusion on PEQ in the solutions. For this reason, deu-
teriated methanol (CD;0D) has been employed as the
solvent. This is convenient since, through combination
of dynamic light-scattering (QELS) and NMR diffusion
coefficients, one may evaluate the thermodynamic con-
tribution to the former quantity in dilute solution and
in turn test various theoretical predictions.

Experimental Section

Poly(ethylene oxide) samples were narrow distribution frac-
tions obtained from Toya Soda Ltd., Tokyo. The molecular
weights, polydispersities, etc., are provided by the manufac-
turer.

designation Mx 108 M,/M,
SE-5 40 1.03
SE-8 74 1.02
SE-15 145 1.04
SE-70 594 1.10
SE-150 1200 1.12
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